We consider two basic nuclear reactions: Radiative capture of neutrons by protons, n + p → γ + d and its time-reversed counterpart, photodisintegration of the deuteron, γ + d → n + p. In both of these cases we assume that the incoming beam of neutrons or photons is "twisted" by having an azimuthal phase dependence, i.e., it carries an additional angular momentum along its direction of propagation. Taking a low-energy limit of these reactions, we derive relations between corresponding transition amplitudes and cross sections with plane-wave beams and twisted beams. Implications for experiments with twisted cold neutrons and photon beams are discussed.
I. INTRODUCTION
Let us consider two types of nuclear reactions: radiative capture of cold neutrons and photodisintegration of the deuteron. Both of these reactions with energies E 1 MeV by protons is of high importance for Big Bang nucleosynthesis and stellar evolution.
Radiative capture of neutrons was considered in great detail in a number of experimental and theoretical papers, c.f. the following review article [1] . We are particularly interested in reactions with low neutron energies E ∼ 10 meV, that can be tested in experiments with cold neutrons. The total reaction cross-section is σ ∼ 300 mb, and mainly comes from M1 isovector contribution dominating in S wave capture. Twisted cold neutrons in this energy range have been recently generated in the lab [2] (with temperature 130K and wavelength λ = 0.27 nm). The neutron beams with Orbital Angular Momentum (OAM) projectionhm on the direction of beam propagation were obtained, where m = 1, 2, 4. It is reasonable to expect these neutrons to be applied to np → dγ reaction studies. Thereby, this reaction can be utilized in diagnostics of neutron beams' topology.
Feasibility of obtaining twisted photon beams with energies in the MeV range sufficient to induce photonuclear reactions was theoretically demonstrated in the literature [3, 4] , from electrons in spiral motion related to astro-physics conditions [5] . Simulations for specific experimental conditions for high-energy twistedphoton generation was provided in Ref. [6] for Compton backscattering and in Ref. [7] for plasma-wakefield acceleration. We may also expect generation of twisted photons in a non-linear regime of Compton scattering with circularly-polarized initial photons [8] .
In view of the technological progress in generation of twisted beams, we need to evaluate potential importance of such beams for nuclear studies. Here we consider theoretically the simplest nuclear reactions caused by twisted neutron or photon beams. In particular, in this paper we discuss distinctive features of the twisted neutron beams' capture by macroscopic and mesoscopic proton targets, which can be experimentally observed. Its time-reversed analogue, deuteron photodisintegration is considered for the case of low energies, when the S-state dominates in the partial-wave expansion.
The paper is organized as follows. Section II introduced the formalism of twisted-neutron beams, Section III discusses the reaction of radiative capture with twisted neutrons for different types of targets, Section IV presents comparison between nuclear photoabsorption of the twisted and plane-wave photons, and conclusions are presented in Section V.
II. INCOMING TWISTED NEUTRON
We use the formalism of Quantum Mechanics to describe the corresponding baryonic states, neglecting the neutron spin degree of freedom. Consider a stationary state of free twisted neutron of energy E and mass m n in the non-relativistic regime. We takeh = 1 for simplicity. The wave function of such a state in the cylindrical coordinate system ρ, φ r , z can be written as an eigenfunction of three commuting operators: energyĤ =p p p 2 2m n , mo-
Consequently, this wave function satisfies the following equationŝ Hψ(r r r) = Eψ(r r r),p z ψ(r r r) = p z ψ(r r r),L z ψ(r r r) = mψ(r r r),
(1) where m is an integer. Both longitudinal momentum and the norm of transverse momentum with respect to the z-direction
are well defined for this state. Then the explicit functional from is ψ κmp z (r r r) = J m (κρ)e imφ r e ip z z ,
where 
Here φ p is the azimuthal angle of vector p p p = (p p p ⊥ , p z ) and p ⊥ = |p p p ⊥ |. The Fourier amplitude is normalized as
from which the neutron state normalization condition follows:
Hence, twisted neutron can be seen as a non-diverging packet of plane waves, localized on a conical surface with the opening angle θ p = arctan(κ/p z ) and symmetry axis aligned with the z-direction.
In the following, we consider the limiting case of Eq. (3) for fixed energy E and θ p → 0 (in this case κ → 0, p z → √ 2m n E and J m (κρ) → δ m0 ):
In other words, in this limit one recovers a standard expression for the plane wave propagating along the zaxis. The density of a twisted neutron state propagating in the z-direction is
see Fig. 1 . This is the positive-definite function of coordinates in the transverse plane which depends on the quantum number m. It is worth it to mention that
Hence, for m = 0 one recovers standard expression for the density in this limit. This density is non-zero at the origin for m = 0, Let M (pl) (p p p, k k k) be the matrix element of plane wave neutron radiative recombination
As the S-wave contributes the most into the cross section of this process, the corresponding matrix element is independent of the direction of the incoming neutron momentum p p p. When considering radioactive recombination, we need to account for the fact that the twisted neutron has a symmetry axis aligned with the zdirection, while a proton is located at a certain distance
Hence, we can express this matrix element as a trace of a plane-wave matrix element M (pl) (p p p, k k k) and the Fourier amplitude a κm (p p p ⊥ ) of the incoming electron with the impact parameter b
This analysis can be applied to Bessel-Gaussian diffracting mode, where the Bessel-shaped disturbance in transverse plane is suppressed by a Gaussian factor. A conventional wave-function for BG mode in focus plane (z = 0) can be written as [9] 
where N is a constant factor. In this case the corresponding amplitude acquires this additional phase factor
where w 0 is the Gaussian waist of the BG mode.
It follows that the differential probability of the recombination process per unit time for the case of a twisted neutron dẆ (m) (b b b)/dΩ k and for a plane wave dẆ (pl) (b b b)/dΩ k are related by the following expression
III. np → dγ REACTION WITH COLD TWISTED NEUTRONS

A. Macroscopic target
To begin with, we consider the simplest case of a macroscopic proton target with a uniform random distribution of scattering centers in the plane, normal to the direction of the beam propagation. We also neglect secondary collisions. In this setup, the differential cross section averaged over the proton impact parameter in the area with radius R is the convenient observable to consider. Following paper [10] , we obtain a simple relation for the averaged cross section expressed as a function of the plane wave cross section:
where θ p is the conical angle of the incoming twisted neutron. The standard scattering cross section is independent of φ p in our case, which leads to
For the limit θ p → 0, the averaged cross section is the same as the standard plane-wave one.
B. Mesoscopic target
In this case, we consider a proton target of finite size, uniformly and symmetrically distributed with respect to its center. The spatial distribution of protons inside this target is considered to be classical and can be described the by density function n(b b b − b b b t ). As before, the impact parameter b b b is defined as the distance from the neutron beam axis to a proton in the target, and vector b b b t corresponds to the distance from the beam axis to the center of the target. In this case, differential probability integrated over the impact parameters of the finite-size target is the common characteristic of the process, Eq. (19) .
However, an even more distinct observable is this probability divided by the incoming neutron flux J it is reasonable to define twisted neutron flux density along the z axis as follows
which behaves nicely in the plane-wave limit
being non-zero at the origin. As the result we define the flux
and mesoscopic cross section
Taking into consideration Eq.(16) we get
In what follows, we use a Gaussian distribution which is a standard choice for ion traps
where w is the dispersion characterized by the size of the proton target. In this case the integration by parts over b can partially be done analytically
Total scattering cross sections are related as follows
In Fig. 2 this relationship is plotted as a function of displacement b t of the Gaussian target from the beam axis for different values of the quantum number m. The target size is taken to be w = 1/κ and the conical angle -θ p = 1 o . When comparing this plot to Fig. 1 , one can clearly see, that σ (tw) (b t ) is very sensitive to the density distribution of the incoming twisted neutrons. Hence, this reaction may appear to be very useful in diagnostics of the twisted neutron beams.
IV. NUCLEAR PHOTO-ABSORPTION
A. Deuteron Photodisintegration with Plane-Wave Photons
In this section we will mostly follow the description of the nuclear electromagnetic interactions in [11] and [12] . As is well known, the space-time solution of the EM wave equation in a Cartesian coordinate system delivers a plane-wave vector potential in the following form:
which describes the propagation of a photon with frequency ω and wave-vector k k k carrying polarization ε k k kλ , such that λ = ±1 is the helicity index. Starting from here we will use the natural units:h = c = 1. Applying the field quantization conditions we obtain the vector potential operator:
whereâ λ (k k k) andâ † λ (k k k) are the photon annihilation and creation operators obeying the commutation relation
so that the corresponding polarization states are given as
The choice of the polarization basis is purely conventional and has been made this way to simplify the formalism.
The interaction of the nucleus with the electromagnetic field up to leading order in charge is described by the Hamiltonian:
whereĵ j j(r r r) is the nuclear EM current comes from the relative motion of protons, while the magnetization current comes from the spin orientation of the nucleons in the nucleuŝ
(35) where the index i counts the nucleons; σ i is the set of spin Pauli matrices; τ τ τ is the isospin operator in SU (2); e and m p are proton charge and mass; and g p , and g n are proton and neutron spin g-factors respectively.
Making use of Fermi Golden Rule, we can calculate the nuclear photo-absorption probability
where dΩ is a solid angle of one of the final nucleon states, dΩ n or dΩ p . The key element is the photoabsorption amplitude
with j and m indicating the quantum numbers of the total angular momentum of the system and its projection on the quantization axis correspondingly. If one considers the interaction Hamiltonian (32) and applies it to the amplitude the resulting expression
(38) where the commutation relation (30) has been used to annihilate the incoming photon state. The incoming plane wave photon has a well-defined quantization axis, which makes it only logical to reduce the complexity of the problem by making a choice of the preferred direction such that k k k is parallel to the axis z. This allows us to make the following simplifications [13] :
Rewriting the product of the polarization state with the exponential factor and making use of the vector spherical harmonics Y m j 1 (Ω k ) we get ε kλ e ik k k·r r r → ε kλ e ikz = ∑ i 4π(2 + 1)
where the symmetry properties of the Glebsch-Gordan coefficients have been used to impose the quantization condition m = λ. That means that the corresponding absorption amplitude (38) is independent of the magnetic quantum number m, but depends on its component instead:
(41) where zero in the argument M (pl) jλ (0) indicates that the incoming photon is directed in solid angle θ k = φ k = 0 with respect to z. If we now apply Wigner -Eckart theorem to this matrix element, we get
This results into the set of selection rules:
which tells us that the full projection of the incident photon spin in the direction of propagation gets absorbed by the nucleus. As our ultimate goal is to apply this formalism for the case of the twisted light, we need one more modification related to the topological structure of the beams with OAM. Any twisted beam can be Fourier transformed, hence, expressed as the ensemble of plane waves with the wave-vectors directed under certain solid angle Ω k . This angle can be decomposed into opening angle θ k and azimuthal angle φ k to the direction of quantization axis z. However, instead of rotating the photon state, which would result into major mathematical complications, we will rotate the nuclear states by the same angles [13] , such that the initial and final states of the nucleus are expressed
This spatial transformation leads to the following expression for the amplitude
(45) It is worth mentioning that the isospin selection rules are not discussed here since they are not modified by the topological structure of the beam. We also assumed that parity is conserved, leaving aside the weak parity violation effects.
B. Deuteron Photodisintegration with twisted photons
In this subsection we will consider a deuteron interacting with a twisted beam of photons with well-defined TAM m γ , in particular, BB and BG. In scalar formulation, Bessel mode is the exact solution of the wave equation in cylindrical coordinates (non-paraxial regime) [14] . BG mode [15] belongs to the Gaussian family solutions of the paraxial wave equation (paraxial regime |κ| |k k k|). Following the Bessel mode formalism, laid out in Sec. II, one can express the twisted photon state as a 2D Fourier transform
with the Fourier kernel (5) in case of BB. The vector potential of this state can be written as
which, making use of (28) and (29), can be recast into
Here the superscript BB refers to the Bessel Beam of incident photons. If one takes into consideration the impact parameter, we get
(49) where b = |b b b| is a photon impact parameter. As long as the matrix element (37) is linear in electromagnetic field, this formula is valid.
Hence, the photo-absorption amplitude for the case of twisted photons, similar to the photo-absorption on a hydrogen-like atom [16] , becomes
where we have taken advantage
Here the factorization, which is spin-dependent, as opposed to the case of photo-absorption on hydrogen-like atom, ex. [17] , is obtained for the case of photo-disintegration of deuterium.
As it is traditionally discussed elsewhere, ex. [18, 19] , the dominant contribution into the deuteron photodisintegration comes from the transition 3 S 1 → 1 S 0 driven by M1-photons.
Taking into consideration quantum selection rules (43), only one type of standard plane-wave amplitudes is contributing in this case, namely M 
making it proportional to the flux of the incoming gamma-radiation 
The corresponding amplitude for the twisted photon beam with Gaussian modulation (BG mode), as before (14) , is expressed in (53). 
